Abstract.
1. Statement of results. The main purpose of this paper is to determine the Lie algebra associated to the lower central series of a group, thus extending the results of [6, 7] to groups defined by more than one relator. The methods apply to other central series such as the lower/?-central series.
The lower central series of a group G is the sequence of subgroups Gn (n > 1) defined inductively by
where [G, Gn + X] denotes the subgroup of G generated by the commutators [x, y] = x~1y~1xy with x e G, y e Gn. The associated graded abelian group gr(G) = 0n>1gr"(G), where gr"(G) = Gn/Gn + X, has the structure of a graded Lie algebra over the ring Z of integers, the bracket operation in gr(G) being induced by the commutator operation in G (cf. [2, 9, 11, 12] ). The construction of the Lie algebra gr(G) uses only the fact that (G") is a sequence of subgroups of G with the following properties:
(i) Gx -G,
(ii)G"+1cG", (iii) [G",GJcG" + ,.
Such a family of subgroups of G is called a (central) filtration of G.
Let F be the free group on the TV letters xx,...,xN, and let (F") be the lower central series of F. If £, is the image of x¡ in gr,(F) = F/[F, F], then the Lie algebra L = gr(F) associated to (Fn) is a free Lie algebra with basis £,,... ,£N (cf. loe. cit.). If x g F, x ¥= 1, there is a largest integer n = u(x) > 1 such that x g F". This integer is called the weight of x (with respect to (F")); the image of x in gr"(F) is called the initial form of x (with respect to (F")). (If x = 1, its initial form is defined to be the zero element of L.) Let rx,...,rt G F and let p,,... ,p, be their initial forms with respect to the lower central series of F Let * = (p,,... ,pt) be the ideal of L generated by px,...,p, and let U be the enveloping algebra of L/i. Then */[*, *] is a iZ-module via the adjoint representation.
Let # be the Lie algebra associated to the lower central series of G = F/R, where R = (rx,...,rf)
is the normal subgroup of F generated by the elements rx,...,rr
In general, g # L/i. unless the relators rx,...,r, satisfy certain independence conditions (cf. [7, 8] for the case t = 1). In fact, condition (iii) implies that the rank of the nth homogeneous component of f(P) =f ® Z//?Z ¡s independent of p and hence that^ is a free Z-module (cf. [6, 7] ). A formula for the rank of¿>" can also be given (cf. loe. cit.). As a by-product of the proof, we obtain the following result:
Theorem 2. Let T be the integral group ring of G, let I be the augmentation ideal of T, and let gr(T) = ®n>0I"/I" + l be the graded algebra associated to the I-adic filtration of V. Then, under the conditions (i) and (ii), we have gr(T) = U. Theorem 1 can be used to determine the structure of the lower central series quotients of certain link groups (cf. [3, 4, 5] ). The proof of Theorem 1 requires the introduction of more general filtrations (see §2), and is proved in this more general context (see §3). The examples are treated in §4. In this section we also give an example to show that the theorem is not true under the hypotheses suggested in [12] . In §5 we obtain analogous results for the lower /?-central series. The above results are also true for pro-/?-groups with virtually the same proofs; one only has to replace Z by Zp (the ring of /?-adic integers), subgroups by closed subgroups, and the group ring by the completed group algebra over Z . For example, if G = F/R satisfies the conditions of Theorem 1, and G is the pro-/?-completion of G, then gr(G) = gr(G) ® Z . The techniques used in the proofs are contained in [6 and 7] ; that they yield the above results does not seem to have been noticed. If for n > 0 we set F" = (1 + A") n F, we obtain a filtration (F") of F (cf. [2] ). We It follows that gr(A) = gr(A). Let Tn (n > 1) be the set of elements of the form xf with e = ± 1, t, = 1, and define subsets Sn of F inductively as follows: Sx = Tx, and for n > 1, Sn = Tn U Tn', where Tn' is the set of elements of the form [x, y]e with e = ±1, x e S , y e S , p + q = n. Let Fn be the subgroup of F generated by the Sk with k > «. Then Fx = F, Fn+1 ç F", and an easy calculation using the formulae
shows that [F", Fk] ç Fn + k. If t, = 1 for all i, then (F") is the lower central series of F. If L is the Lie algebra associated to (F"), then the inclusions F" Q F" induce a canonical homomorphism of L into gr(F), which must necessarily be injective by the Poincaré-Birkhoff-Witt theorem since L is generated by lx,...,lN, where £,. is the image of x¡ in gr"(F) with n = t,. It follows that F" = F" for all n > 1, and hence thatL = L = gr(F). We now show that 8 and 0' are bijective. The proof is by induction on the degrees. Suppose then that 8 and 8' are bijective in degrees n < k. Since in = gr"(.R) for n < e = min{oe(rx),. ..,w(r()}, we may assume that k > e.
That 8' is bijective in degree k follows exactly as in [7] since, by assumption, gr(F)/i is a free Z-module. The homomorphism 8 is injective in degree k since the bijectivity of 8 for n < k implies that in = grn(R) for n < k; hence [*, i]k = [gr(R), gr(R)]k, since both sides are known once we know *" and grn(R) for n < k.
To show that 8 is surjective in degree k it suffices to show that 8" = 8'° 8 is surjective in degree k. If e¡ = u(r¡), we may assume that e¡ < ej for ; <y and that Lemma. Let k be a commutative ring, and let L(X) be the free Lie algebra over k on the set X. Let S be a subset of X, and let a be the ideal of L(X) generated by X -S.
Then a is a free Lie algebra over k with basis consisting of the elements ad(sx)ad(s2) ■ ■ ■ ad(j"X*) with oO,j,eS, and x g X -S.
Corollary. // W is the enveloping algebra of L(X)/a, then a/[a, a] is a free W-module with basis the images of the elements of X -S.
The proof of the lemma can be found in [2, §2, Proposition 10]. The corollary follows since L/a = L(S).
We now show that the given systems of defining relators satisfy conditions (i) and (ii) of the theorem. Let o be the ideal of L generated by £,. Then, by the lemma, a is a free Lie algebra over Z with basis consisting of the elements To treat Example 1, take 0 to be the ideal of L generated by the elements £2» £4» • • • >£2m' where 2m is the largest even integer < N, and proceed as above.
We now give an example to show that the theorem is not true under the hypotheses suggested in [12] . For any real number a > 0, let Fa = F n (1 + /la) and let w be the corresponding weight function on F. The F0 are subgroups of F with The proof of this theorem is entirely analogous to the proof of Theorem 1; the same argument yields the corresponding result for pro-/?-groups (cf. [6] ).
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